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In this Letter we study the issue of localization of the three-form ﬁeld in a Randall–Sundrum-like
scenario. We simulate our membrane by kinks embedded in D = 5, describing the usual case (not
deformed) and new models coming from a speciﬁc deformation procedure. The gravitational background
regarded includes the dilaton contribution. We show that we can only localize the zero-mode of this
ﬁeld for a speciﬁc range of the dilaton coupling, even in the deformed case. A study about resonances
is presented. We use a numerical approach for calculations of the transmission coeﬃcients associated to
the quantum mechanical problem. This gives a clear description of the physics involved in the model. We
ﬁnd in this way that the appearance of resonances is strongly dependent on the coupling constant. We
study the cases p = 1,3 and 5 for α = −1.75 and α = −20. The ﬁrst value of α give us one resonance
peak for p = 1 and no resonances for p = 3,5. The second value of α give us a very rich structure of
resonances, with number depending on the value of p.
© 2010 Elsevier B.V. Open access under CC BY license.1. Introduction
From a mathematical viewpoint, anti-symmetrical tensors are
natural objects living in differential manifolds. They play an impor-
tant role in the construction of the manifold’s volume and there-
fore its orientation. The dimension of the manifold deﬁnes the sort
of possible anti-symmetrical tensors and this is used to deﬁne a
speciﬁc space only of forms [1]. Besides this, they are related to
the linking number of higher-dimensional knots [2].
From the physical viewpoint, they are of great interest because
they may have the status of ﬁelds describing particles other than
the usual ones. As an example we can cite the space–time tor-
sion [3] and the axion ﬁeld [4,5] that have separated descriptions
by the two-form. Besides this, String Theory shows the naturalness
of higher rank tensor ﬁelds in its spectrum [6,7]. Other applica-
tions of these kind of ﬁelds have been made showing its relation
with the AdS/CFT conjecture [8].
Topological defects soliton-like are studied with increasing in-
terest in physics, not only in Condensed Matter, as in Particle
Physics and Cosmology. In brane models, they are used as mecha-
nism of ﬁelds localization, avoiding the appearance of the trouble-
some inﬁnities. Several kinds of these defects in brane scenarios
are considered in the literature [9–11]. In these papers, the au-
thors consider brane world models where the brane is supported
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Open access under CC BY license.by a soliton solution to the baby Skyrme model or by topological
defects available in some models. As an example, in a recent Let-
ter, a model is considered for coupling fermions to brane and/or
antibrane modeled by a kink–antikink system [12].
The subject of this Letter is to study aspects of the three-form
ﬁeld in a scenario of extra dimensions. Speciﬁcally we will study
the issue of localization using solitons kink-like and the possibility
of resonant KK modes in a Randall–Sundrum-like model (a model
with thick branes) [13]. The core idea of extra-dimensional models
is to consider the four-dimensional universe as a hyper-surface em-
bedded in a multidimensional manifold. The appeal of such models
is the determination of scenarios where membranes have the best
chances to mimic the standard model’s characteristics. In particu-
lar, the standard model presents interesting topics to study such as
the hierarchy problem, and the cosmological constant problem that
can be treated by the above-mentioned scenarios. For example, the
Randall–Sundrum model [14,15] provides a possible solution to the
hierarchy problem and show how gravity is trapped to a mem-
brane.
In mathematical terms, the presence of one more extra dimen-
sion (D = 5) provides the existence of many antisymmetric ﬁelds,
namely the two-, three-, four- and ﬁve-forms. However, the only
relevant ones for our brane are the two- and the three-forms. This
is due to the fact that when the number of dimensions increase,
also increases the number of gauge freedom. This can be used to
cancel the dynamics of the ﬁeld in the visible brane. The mass
spectrum of the two- and three-form have been studied, for ex-
ample, in Refs. [3] and [16]. Posteriorly, the coupling between the
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contexts, in [17–19]. The study of this kind of coupling, inspired
in string theory, is important in order to produce a process that,
in principle, could be seen in LHC. This is a Drell–Yang process in
which a pair quark–antiquark can give rise to a three(two)-form
ﬁeld, mediated by a dilaton. In the present case, the coupling is
needed for a different reason. As we will see in this Letter, the
three-form ﬁeld without a dilaton do not has its massless mode
localized. When we introduce a dilaton, this mode can be local-
ized and therefore this is a more interesting case to be considered.
The localization of ﬁelds in a framework that consider the brane
as a kink has been studied for example in [20–23].
This Letter is organized as follows. Section 2 is devoted to the
study of the membrane as a kink. A solution of Einstein equation
is found for two scalar ﬁelds, one of them describing the kink
solution and the other representing the dilaton. In Section 3 we
analyze the localization of the three-form ﬁeld with and without
the dilaton, and observe that the localization is only possible in
the framework with a dilaton coupling under a speciﬁc condition.
In Section 4 we study the gravitational background when a de-
formation procedure is carried out in our original framework. We
show that the massless mode of the three-form is also localized
only if we regard the dilaton coupling with the same condition
cited above. In Section 5 we make some considerations about the
massive modes and the possibility of resonances. Finally, in the last
section, we discuss the conclusions and perspectives.
2. The kink as a membrane
We start our analysis by studying the space–time background.
We go right to the point and give an explicit example through the
localization of a zero mode of the three-form mater gauge ﬁeld in
a four-dimensional thick membrane embedded in ﬁve dimensions
(a Randall–Sundrum-like scenario). It is well known that vector
gauge ﬁelds in these kind of scenarios are not localizable: in four
dimensions the gauge vector ﬁeld theory is conformal and all infor-
mation coming from warp factors drops out necessarily rendering
a non-normalizable four-dimensional effective action. However, in
the work of Kehagias and Tamvakis [13], it is shown that the cou-
pling between the dilaton and the vector gauge ﬁeld produces
localization of the later. In analogy with the work of Kehagias and
Tamvakis we introduce here the coupling between the dilaton and
the three-form ﬁeld. As we comment at the end of the next sec-
tion, this coupling is also necessary to localize the three-form ﬁeld.
Before analyzing this coupling, it is necessary to obtain a solution
of the equations of motion for the gravitational ﬁeld in the back-
ground of the dilaton and the membrane. For such, we introduce
the following action [13]:
S =
∫
d5x
√−G
[
2M3R − 1
2
(∂π)2 − 1
2
(∂φ)2 − V (π,φ)
]
. (1)
Note again that we are working with a model containing two real
scalar ﬁelds. The ﬁeld π plays the role of to generate the mem-
brane of the model while the ﬁeld φ represents the dilaton. The
potential function now depends on both scalar ﬁelds. It is assumed
the following ansatz for the space–time metric:
ds2 = e2A(y)ημν dxμ dxν + e2B(y) dy2. (2)
As usual, capital Latin index represent the coordinates in the
bulk and Greek index, those on the brane. The equations of motion
are given by
1 (
π ′
)2 + 1 (φ′)2 − e2B(y)V (π,φ) = 24M3(A′)2, (3)2 21
2
(
π ′
)2 + 1
2
(
φ′
)2 + e2B(y)V (π,φ)
= −12M3A′′ − 24M3(A′)2 + 12M3A′B ′, (4)
π ′′ + (4A′ − B ′)π ′ = ∂π V , (5)
and
φ′′ + (4A′ − B ′)φ′ = ∂φV . (6)
In order to solve that system, we use the so-called super-
potential function W (π), deﬁned by π ′ = ∂W
∂π , following the ap-
proach of Kehagias and Tamvakis [13]. The particular solution re-
garded follows from choosing the potential V (π,φ) and super-
potential W (π) as
V = exp
(
φ√
12M3
){
1
2
(
∂W
∂π
)2
− 5
32M2
W (π)2
}
, (7)
and
W (π) = vaπ
(
1− π
2
3v2
)
. (8)
In this way it is easy to obtain differential equations of ﬁrst order
whose solutions are solutions of the equations of motion above,
namely
φ = −
√
3M3A, (9)
B = A
4
= − φ
4
√
3M3
, (10)
and
A′ = − W
12M3
. (11)
The solutions for these set of equations are the following:
π(y) = v tanh(ay), (12)
A(y) = − v
2
72M3
(
4 ln cosh(ay) + tanh2(ay)) (13)
and
φ(y) = v
2
4
√
3M3
(
4 ln cosh(ay) + tanh2(ay)). (14)
Following the argumentation in Ref. [13], it is possible to see that,
by the linearization of the geometry described in this section, this
model supports a massless zero mode of the gravitational ﬁeld lo-
calized on the membrane, even in the dilaton background.
Now the dilaton contribution makes the space–time singular.
However this kind of singularity is very common in D-brane solu-
tions in string theory (the dilaton solution is divergent). The Ricci
scalar for this new geometry is now given by
R = −(8A′′ + 18A′2)e φ2√3M3 (15)
where the dilaton has an important contribution. What is inter-
esting here is that this singularity disappears if we lift the metric
solution to D = 6. In this case the dilaton represents the radius of
the sixth dimension [13].
As an example, a D4-brane in type II-A theory is singular be-
cause the presence of a diverging dilaton ﬁeld. However, that sin-
gularity disappears when it is lifted to the eleventh-dimensional
supergravity viewpoint. In this case, the dilaton turns to be the ra-
dius of an extra S1 direction (that’s why it is called dilaton). The
higher-dimensional metric is free of singularities. Besides this as-
pect, there are reasons to believe that considering these kind of
G. Alencar et al. / Physics Letters B 693 (2010) 503–508 505spaces as physically meaningful. There are proposals [24,25] that
ﬁve-dimensional bulk gravity in the thin domain-wall case has an
equivalent description in terms of a cutoff four-dimensional confor-
mal ﬁeld theory on the domain-wall, on the lines of the AdS/CFT
correspondence [26]. From the viewpoint of AdS/CFT correspon-
dence, some singularities may have physical signiﬁcance and it is
very interesting to see the role the dilaton ﬁeld plays in this frame-
work [27].
3. Antisymmetric tensor ﬁelds and the dilaton coupling
In this section we study antisymmetric tensor ﬁelds in the
gravitational background with the dilaton ﬁeld. We must look for
localization of these ﬁelds in this framework. As the number of
antisymmetric tensor ﬁelds increase with dimensions, these ﬁelds
should be considered. In fact these ﬁelds have been taken in ac-
count in the literature. The fact is that, when the number of di-
mension increases, the number of gauge freedom also increases,
and this can be used to cancel the degrees of freedom in the vis-
ible brane. Therefore the only antisymmetric tensors relevant to
the visible brane are that of rank two and three [16]. We must fo-
cus here in the second case. We must speciﬁcally study the string
inspired coupling of the three-form ﬁeld to the dilaton. As com-
mented before this will give rise to the localization of the ﬁeld. As
commented in the introduction, this kind of coupling can give an
interaction that in principle could be seen at LHC. Despite this, we
focus here on the localization properties of this framework.
We have for the action
S =
∫
d5x
√−G [−e−λφ2YMNLPYMNLP] (16)
and YMNLP = ∂[M XNLP] is the ﬁeld strength for the three-form X .
We can use gauge freedom to ﬁx Xμν y = ∂μXμνα = 0 and we are
left with the following type of terms
Yμναβ = ∂[μXναβ], (17)
Y yναβ = ∂[y Xναβ ]. (18)
Using the above facts we obtain for the action
S X =
∫
d4x
∫
dy
{−e−λφ2[e−4A+BYαμλγ Y αμνλ
+ 4e−2A−B X˙αμλ X˙αμλ
]}
, (19)
with the equations of motion
∂αY
αμλγ + eλφ+4A−B∂y
[
e−λφ−2A−B X˙αμλ
]= 0. (20)
We can now separate the variables with the following ansatz
Xμνα
(
xα, y
)= Bμνα(xα)U (y) = Bμνα(0)eipαxαU (y), (21)
where p2 = −m2. We now write Y αμλγ = Y˜ αμλγ U , where Y˜
stands for the four-dimensional ﬁeld strength and we get for the
EM
U ′′(y) − (λφ′ + 2A′ + B ′)U ′(y) = −m2e2(B−A)U (y). (22)
Is easy to see that U = U0, with U0 being a constant, is a so-
lution of (22) for m = 0. In this case, the effective action can be
found easily to give us
S X =
∫
dy e−λφ−4A+BU2
∫
d4x
[−2Y˜αμλγ Y˜ αμνλ]. (23)
Using now our solution for A, B and φ we have that, when
λ > 15/4
√
3M3, the integration in the extra dimension is ﬁnite.Therefore the massless mode of the three-form ﬁeld is possibly
localized in a framework with a dilaton coupling.
It is worthwhile to analyze the case without the dilaton cou-
pling. In this case the metric is given by
ds2 = e2A(y)ημν dxμ dxν + dy2. (24)
The gravitational solution has been found in [13] and the warp
factor is the same as in the case with dilaton coupling. Therefore
following the same steps as before, we can ﬁnd the equation of
motion
U ′′(y) − 2A′U ′(y) = −m2e−2AU (y). (25)
Again a direct solution is found in the case m = 0 where U =
U0 solves the above equation. In this particular case, the effective
action can be found easily to give us
S X =
∫
dy e−4AU2
∫
d4x
[−2Y˜αμλγ Y˜ αμνλ]. (26)
Using now our solution for A, we have that the integration in
the extra dimension is not ﬁnite. Therefore we see that the dilaton
coupling is really essential to the localization of the zero mode.
4. The dilatonic deformed brane
In this section we analyze a special class of solutions by deﬁn-
ing a deformation of the λπ4 potential [28]. It is possible to
solve the equations of motion by the super-potential method. This
formalism was initially introduced in studies about non-super-
symmetric domain walls in various dimensions by [29,30]. The
ﬁrst step in our analysis is to ﬁnd the Einstein’s equations for
the scalar-dilaton–gravity coupled system that composes the back-
ground space–time. We repeat here the same action already dis-
cussed in the sections above now with the super-potential
Wp(π) = aπ2
(
2p
2p − 1
(
v
π
)1/p
− 2p
2p + 1
(
π
v
)1/p)
, (27)
where p is an odd integer.
By solving ∂Wp
∂π = π ′ we arrive at πp(y) = v tanhp( ayp ) and
we see that for p = 1 we get the usual kink solution. For p =
3,5,7, . . . we can construct the so called two-kink solutions, de-
scribing internal structures inside the membrane [28]. The param-
eter p introduced in the procedure controls characteristics such as
thickness and matter energy density of the membrane [31]. We
must note that Eqs. (9), (10) and (11) are left unchanged. From the
super-potential cited we get the ﬁrst order equations
φp = −
√
3M3Ap, (28)
Bp = Ap
4
= − φ
4
√
3M3
, (29)
and
A′p = −
Wp
12M3
. (30)
From the last equation we can ﬁnd Ap(y) [31],
Ap(y) = − v
2
12M3
p
2p + 1 tanh
2p
(
ay
p
)
− v
2
6M3
(
p2
2p − 1 −
p2
2p + 1
)
×
{
ln
[
cosh
(
ay
p
)]
−
p−1∑ 1
2n
tanh2n
(
ay
p
)}
(31)n=1
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effective action are basically identical. For the equation of motion
we therefore obtain after a separation of variables
U ′′(y) − (λφ′p + 2A′p + B ′p)U ′(y) = −m2e2(Bp−Ap)U (y), (32)
and we can see that, again, we have a trivial solution for the case
m = 0. The effective action in the present case is easily found to
be
S X =
∫
dy e−λφ−4Ap+Bp U2
∫
d4x
[−2Y˜αμλγ Y˜ αμνλ]. (33)
Using now our solution for Ap , Bp and φp we arrive in the
same situation as before and have that, when λ > 15/4
√
3M3 and
for ﬁnite p, the integration in the extra dimension is ﬁnite. There-
fore the massless mode of the three-form ﬁeld is localized in a
framework with a dilatonic deformed brane.
5. The massive modes and resonances
Now we must analyze the possibility of localization for the
massive modes in both, deformed and usual cases. As the usual
case can be obtained just by putting p = 1, we must study only
the more general deformed case. The best way to analyze it is to
transform Eq. (32) in a Schrödinger type. It is easy to see that an
equation of the form(
d2
dy2
− P ′(y) d
dy
)
U (y) = −m2Q (y)U (y), (34)
can be transformed in a Schrödinger type(
− d
2
dz2
+ V (z)
)
U¯ (z) =m2U¯ (z), (35)
through the transformations
dz
dy
= f (y), U (y) = Ω(y)U¯ (z), (36)
with
f (y) =√Q (y), Ω(y) = exp(P (y)/2)Q (y)−1/4, (37)
and
V (z) = (P ′(y)Ω ′(y) − Ω ′′(y))/Ω f 2 (38)
where the prime is a derivative with respect to y. Now using Eq.
(32) we obtain
V (z) = e3Ap/2
((
α2
4
− 9
64
)
A′p(y)2 −
(
α
2
+ 3
8
)
A′′p(y)
)
,
f (y) = e− 3Ap4 , Ω(y) = e( α2 + 38 )Ap ,
where α = 9/4 − λ√3M3, and we take y of function of z through
z(y) = ∫ y0 f (η)dη. Therefore, the eigenvalues give us the masses
for which the localization is possible. It is important to note that,
after the above transformations, the condition for localization be-
comes∫
dz U¯2 = ﬁnite (39)
and this is exactly the square integrable condition of the wave
function in quantum mechanics. This enforce the argument that
we have a Schrödinger-like equation.
Despite its importance, the analytic solution for the above equa-
tion has not been found. The strategy therefore is to plot nu-
merically the potential and analyze its shape. The appearance ofFig. 1. Potential of the Schrödinger-like equation for p = 1 (lined) scaled by 1/10,
p = 3 (dashed), p = 5 (dotted) for α = −1.75 (top) and α = −20 (bottom).
resonances depends strongly on the shape of the potential and
therefore of the coupling constant. This plot is given by Fig. 1 for
p = 1,3,5. For this we choose v2
72M3
= 1 and v = a = 1.
Note that the shape of the potential changes signiﬁcantly and
this will give us a very different resonance structure. Another thing
we can observe is that the potential becomes null for z = ∞.
Therefore we do not have a discrete spectrum for m > 0. Beyond
this, it is a known fact from quantum mechanics that any solution
for positive m must posses a oscillatory contribution, and there-
fore the wave function is not normalizable. The conclusion is that
the only localized mode is the massless one. This means that this
is the unique mode living inside the membrane.
Another important possibility is the appearance of resonances.
As we have a volcano potential, we can ask for the possibility that
the massive modes, besides living in the extra dimension, has a
peak of probability to be found at the location of the membrane.
This analysis has been done extensively in the literature [23,32].
If we compare our Schrödinger equation with that found by these
authors, we see that they are basically the same, so that we can
extract the same information about resonances of the model. The
authors found that, after normalize the wave function in a trun-
cated region, there is a resonance very close to m = 0, and this
indicates that as lighter is the mass, bigger is the probability of in-
teracting with the membrane. Them we must corroborate with the
analysis and the same happens in our model.
From our viewpoint the wave function has an oscillatory part
and cannot be normalized. To scape of this, the authors deﬁne a
relative probability, but for us it is not clear how it solves the
problem. Another very important point is the truncation of the
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p = 5 (bottom) for α = −1.75.
integration region. This is equivalent to have a potential that do
not falls to zero at inﬁnity, therefore it is natural to have a peak
of resonance very close to m = 0. This could leads to the wrong
interpretation that very light modes can interact with the mem-
brane. From our analysis, it is not true that as lighter is the massive
modes, bigger is the probability of ﬁnding them inside the mem-
brane. In fact, this is corroborated only when p = 1 and for the
value of the coupling constant used by the authors in [32]. In this
case we ﬁnd, as can be seen in Fig. 2, a resonance for the speciﬁc
value m = 0.09. When we consider α = −20, as shown in Fig. 3
we ﬁnd a very rich resonance structure and that heavy modes can
also resonate. We must point here that the Schrödinger equation
used by them is very similar to ours but have a different multi-
plicative factor in the potential because they study the two-form.Fig. 3. Logarithm of the transmission coeﬃcient for p = 1 (top), p = 3 (middle),
p = 5 (bottom) for α = −20.
In principle this could change the results, therefore in a separate
paper we analyze carefully that case [33].
In order to analyze resonances, we must compute transmission
coeﬃcients (T ), which gives a clearer and cleaner physical inter-
pretation about what happens to a free wave that interact with the
membrane. The idea of the existence of a resonant mode is that
for a given mass the potential barrier is transparent to the parti-
cle, i.e., the transmission coeﬃcient has a peak at this mass value.
That means the amplitude of the wave-function has a maximum
value at z = 0 and the probability to ﬁnd this KK mode inside the
membrane is higher. In order to obtain these results numerically,
we have developed a program to compute transmission coeﬃcients
for the given potential proﬁle. A more extensive and detailed anal-
ysis of resonances with transmission coeﬃcients will be given in a
508 G. Alencar et al. / Physics Letters B 693 (2010) 503–508separate paper by the authors [33]. In Fig. 2 we give the plots of T
for α = −1.75, and considering the case p = 1,3,5.
As said before, we ﬁnd resonances for this value of α only for
p = 1. In Fig. 3 we show the plot for α = −20 and we can see how
this alter the existence of resonances. For this values we have an
interesting structure of resonances, witch is similar to that found
in quantum mechanical problems. As we stress in our separate pa-
per, the existence of resonances depends strongly of the shape of
the potential. In our case, therefore, the resonance is driven by the
choice of the parameter α.
6. Conclusions and perspectives
In this Letter we have studied the issue of localization for a
three-form ﬁeld in a Randall–Sundrum-like model. We approach
this in a smooth space scenario, where the extra dimension is de-
scribed by a kink. We show that, for the usual and the deformed
cases, we have the localization of the zero mode only for a speciﬁc
range of the coupling constant given by λ > 15/4
√
3M3. We study
the possibility of resonances in the model. This is done through-
out the numerical computations of the transmission coeﬃcient and
we ﬁnd that the appearance of peaks depends strongly on the
value of the dilaton coupling constant. For high values of this con-
stant we ﬁnd an interesting structure of resonances, very similar to
what is common in quantum mechanical problems. For the value
α = −20 and p = 3, for example, we found eight peaks of res-
onances. Therefore a bigger value of the coupling constant favor
resonances of massive modes. This should seems natural, as the
dilaton is responsible for localizing the zero mode and a bigger
value of the constant would augment the possibility for existence
of resonances. It should be noted that from our analysis heavy
modes can also resonate.
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